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Abstract
We study the Tavis-Cummings model with three modes of oscillation by using four
different algebraic methods: the Bogoliubov transformation, the normal-mode opera-
tors, and the tilting transformation of the SU(1, 1) and SU(2) groups. The algebraic
method based on the Bogoliubov transformation and the normal-mode operators let
us obtain the energy spectrum and eigenfunctions of a particular case of the Tavis-
Cummings model, while with the tilting transformation we are able to solve the most
general case of this Hamiltonian. Finally, we compute some expectation values of this
problem by means of the SU(1, 1) and SU(2) group theory.
1 Introduction
The Jaynes-Cummings model was introduced to describe the interaction between a two-level
atom with a quantized electromagnetic field [1]. This is the simplest completely soluble
quantum-mechanical model and is an intrinsically nonlinear model. In the rotating wave
approximation this model have been extensively studied and its exact solution has been
found [2]. These solutions yield quantum collapse and revival of atomic inversion [3], and
squeezing of the radiation field [4], among other quantum effects. All these effects have
been corroborated experimentally, as can be seen in references [5–7]. Another important
fact to highlight of the model is that it has been possible to perform experimentally [8–12].
In references [13, 14], generalizations of the Jaynes-Cummings model have been introduced
with one and two modes of oscillation in terms of the creation and annihilation operators
of the one-dimensional harmonic oscillator. As physical applications, these generalizations
∗
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were connected with the relativistic parametric amplifier, the quantum simulation of a single
trapped ion and the relativistic problem of two coupled oscillators.
On the other hand, Dicke pointed out the importance of treating a gas of radiating
molecules as a single quantum system, where the molecules are interacting with a common
radiation field [15]. Tavis and Cummings studied and exactly solved the problem of N iden-
tical two-level molecules interacting through a dipole coupling with a single-mode quantized
radiation field at resonance [16]. In their solution, Tavis and Cummings used the so-called
rotating-wave approximation to ignore some terms in the dipole coupling which do not con-
serve energy in the first order of perturbation. The Tavis-Cummings model is a generalization
of the Jaynes-Cummings model and, due to historical reasons, the Tavis-Cummings model is
often called the Dicke model.
To study the Tavis-Cummings model and some of its modifications various algebraic
methods have been used, as the Holstein-Primakoff transformation [17], quantum inverse
methods [18,19], and polynomially deformed su(2) algebras [20]. However, it has been showed
that under certain considerations, the rotating-wave approximation fails in the description
of the phenomena and cannot be neglected [21, 22]. The Jaynes-Cummings model and its
generalization given by the Tavis-Cummings model are still under study as can be seen in
references [23–28]. In particular, these two models have been used in quantum information
science in the study of circuit-QED [29–31].
The aim of the present work is to exactly solve the Tavis-Cummings model with three
modes of oscillation by using four different algebraic methods: the Bogoliubov transforma-
tion, the normal-mode operators, and the tilting transformation of the SU(1, 1) and SU(2)
groups.
This work is organized as follows. In Section 2, we study the Tavis-Cummings model with
three modes of oscillation by using the Bogoliubov transformation and the SU(1, 1) tilting
transformation. The first algebraic method let us obtain the energy spectrum of a particular
case of the Tavis-Cummings mode, while the tilting transformation let us obtain the energy
spectrum and eigenfunctions of the more general model. In Section 3, we proceed as in the
previous Section and study the Tavis-Cummings model by introducing the normal-mode op-
erators and the SU(2) tilting transformation. In Section 4, we compute the expectation value
of the Tavis-Cummings Hamiltonian in terms of the coherent states of the one-dimensional
harmonic oscillator, and the coherent states of the SU(1, 1) and the SU(2) groups. Then,
we make a comparison between these results. Finally, we give some concluding remarks.
2 SU(1, 1) approach to the Tavis-Cummings model
The interaction between three electromagnetic fields represents an important nonlinear para-
metric interaction. This interaction is of nonlinear type and can be transformed into either
parametric amplifier or parametric frequency converter; the first type leads to amplification
of the system energy while the second type leads to the energy exchanges between modes.
The most familiar Hamiltonian representing such a system is given by [32]
H = ω1aˆ
†aˆ+ ω2bˆ
†bˆ+ ω3cˆ
†cˆ+ g(aˆ†bˆcˆ+ aˆbˆ†cˆ†), (1)
2
where we set ~ = 1, ωj with j = 1, 2, 3 are the field frequencies, and g is the coupling constant.
The set of operators aˆ, aˆ†, bˆ, bˆ† and cˆ, cˆ† satisfy the bosonic algebra
[a, a†] = [b, b†] = [c, c†] = 1. (2)
The Hamiltonian of equation (1) can be seen as the Tavis-Cummings model with three modes
of oscillation. In this Section, we shall give an algebraic solution of a particular case of this
model by using the Bogoliubov transformation. The most general Hamiltonian will be treated
by means of the tilting transformation of the su(1, 1) Lie algebra.
2.1 The Tavis-Cummings model and the Bogoliubov transforma-
tion
A particular case of the Tavis-Cummings model is obtained if we set ω2 = ω3 = ω. Moreover,
if we define βˆ = gaˆ and βˆ† = g∗aˆ†, the Hamiltonian of equation (1) can be written as
H = ω1aˆ
†aˆ + ω(bˆ†bˆ+ cˆ†cˆ) + βˆ†bˆcˆ+ βˆbˆ†cˆ†. (3)
Now, we introduce the Bogoliubov transformation for two modes
bˆ = ˆ¯a cosh r + dˆ†e−iθ sinh r,
cˆ = dˆ cosh r + ˆ¯a†e−iθ sinh r, (4)
where the operators ˆ¯a, ˆ¯a† and dˆ, dˆ† also satisfy the bosonic algebra. Thus, in terms of these
operators the Hamiltonian of the equation (3) becomes
H ′ =
[
ω(1 + 2 sinh2 r) +
1
2
(βˆeiθ + βˆ†e−iθ) sinh 2r
](
ˆ¯a†a¯+ dˆ†dˆ+ 1
)
+
[
eiθ sinh 2r + βˆ† cosh2 r + βˆe2iθ sinh2 r
]
ˆ¯adˆ
+
[
e−iθ sinh 2r + βˆ†e−2iθ sinh2 r + βˆ cosh2 r
]
ˆ¯a†dˆ†
+ ω1aˆ
†aˆ− ω. (5)
The operators ˆ¯adˆ and ˆ¯a†dˆ† can be removed if the parameters r, θ satisfy the following equations
eiθ sinh 2r + βˆ† cosh2 r + βˆe2iθ sinh2 r = 0, (6)
e−iθ sinh 2r + βˆ†e−2iθ sinh2 r + βˆ cosh2 r = 0. (7)
From these equations we find that the parameters r, θ explicitly are
rˆ =
1
2
ln

ω +
√
βˆ†βˆ
ω −
√
βˆ†βˆ

 , θˆ = i ln


√
βˆ
βˆ†

 . (8)
Note that the operator 1
βˆ†
is the inverse operator of βˆ†, i.e.
1
βˆ†
βˆ† = 1, βˆ†
1
βˆ†
= 1− |0〉〈0|. (9)
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By substituting the parameters of equations (8) into equation (5), we obtain that the Hamil-
tonian of the Tavis-Cummings model is diagonalized as
H ′ = ω1aˆ
†aˆ +
√
ω2 − gaˆ†aˆ
(
ˆ¯a†a¯+ dˆ†dˆ+ 1
)
− ω. (10)
Therefore, the energy spectrum of the Tavis-Cummings model of equation (3) from the
Bogoliubov transformation is
EBT =
√
ω2 − g2na (na¯ + nd + 1) + ω1na − ω. (11)
Let us now look the eigenfunctions Ψ′ of this Tavis-Cummings model. Since the operator
ˆ¯a†a¯ + dˆ†dˆ + 1 is the Hamiltonian of the two-dimensional harmonic oscillator and commutes
with aˆ†aˆ, we have that the eigenfunctions of this Hamiltonian are given as the direct product
Ψ′ = ψna(x)⊗ ψnl,mn(ρ, φ). (12)
In this expression ψna(x) are the eigenfunctions of the one-dimensional harmonic oscillator
ψna(x) = 〈x|na〉 =
√
1
π1/4(2nn!)1/2
e−
1
2
x2Hn(x), (13)
and ψnl,mn(ρ, φ) are the eigenfunctions of the two-dimensional harmonic oscillator
ψnl,mn(ρ, φ) = 〈ρ, φ|nl, mn〉 =
1√
π
eimnφ(−1)nl
√
2(nl)!
(nl +mn)!
ρmnLmnnl (ρ
2)e−1/2ρ
2
, (14)
with the left chiral quantum number nl=(n−mn)/2. Here, Hn(x) are the Hermite polynomials
and Lmnnl (ρ
2) are the Laguerre polynomials.
Therefore, we have solved a particular case of the Tavis-Cummings model (with the field
frequencies ω2 = ω3 = ω) by using the Bogoliubov transformation for two modes. We
obtained the energy spectrum and its transformed eigenfunctions in terms of the one and
two-dimensional harmonic oscillator.
2.2 The Tavis-Cummings model and the SU(1, 1) tilting transfor-
mation
In order to use the SU(1, 1) group theory, we can rewritte the general Hamiltonian of the
Tavis-Cummings model of equation (1) as
H = ω1aˆ
†aˆ+
(ω2 + ω3)
2
(bˆ†bˆ+ cˆ†cˆ) +
(ω2 − ω3)
2
(bˆ†bˆ− cˆ†cˆ) + g(aˆ†bˆcˆ+ aˆbˆ†cˆ†). (15)
Now, we introduce the Jordan-Schwinger realization of the su(1, 1) algebra in terms of the
operators bˆ and cˆ (see equations (81) and (83) of Appendix)
K0 =
1
2
(
bˆ†bˆ+ cˆ†cˆ+ 1
)
, K+ = bˆ
†cˆ†,
4
K− = bˆcˆ, Nd = cˆ
†cˆ− bˆ†bˆ. (16)
Thus, the eigenvalue equation of the Tavis-Cummings model described by the Jordan-Schwinger
realization of the su(1, 1) Lie algebra becomes
Hsu(1,1)|Ψ〉 =
[
ω1aˆ
†aˆ+ (ω2 + ω3)K0 + g(aˆ
†K− + aˆK+) +
(ω2 − ω3)
2
Nd − (ω2 + ω3)
2
]
|Ψ〉
= Esu(1,1|Ψ〉. (17)
In this case, we can remove the ladder operators K± in this Hamiltonian Hsu(1,1) by using
the tilting transformation in terms of the SU(1, 1) displacement operator D(ξ). Therefore,
if we apply the tilting transformation to both sides of equation (17) and we proceed as in
references [33–35], we obtain
D†(ξ)Hsu(1,1)D(ξ)D
†(ξ)|Ψ1〉 = Esu(1,1)D†(ξ)|Ψ1〉,
H ′|Ψ′1〉 = Esu(1,1)|Ψ′1〉. (18)
Notice that in these expressions H ′ = D†(ξ)Hsu(1,1)D(ξ) is the tilted Hamiltonian and |Ψ′1〉 =
D†(ξ)|Ψ1〉 its wave function. Thus, by using equations (78), (79) and (80) of Appendix, the
tilted Hamiltonian can be written as
H ′ =
[
(ω2 + ω3)(2β + 1) + gaˆ
ξ∗α
|ξ| + gaˆ
† ξα
|ξ|
]
K0
+
[
(ω2 + ω3)
αξ
2|ξ| + gaˆ
†βξ
ξ∗
+ gaˆ(β + 1)
]
K+
+
[
(ω2 + ω3)
αξ∗
2|ξ| + gaˆ
†(β + 1) + gaˆ
βξ∗
ξ
]
K−
+ ω1aˆ
†aˆ+
(ω2 − ω3)
2
Nˆd − (ω2 + ω3)
2
. (19)
In this expression, the terms Nd = bˆ
†bˆ − cˆ†cˆ and aˆ†aˆ remain unchanged under the tilting
transformation, since both operators commute with K± (see Appendix). By choosing the
coherent state parameters θ and ϕ as
θˆ = tanh−1
(
2g
√
aˆ†aˆ
ω2 + ω3
)
, ϕˆ = i ln
[
2(2β + 1)gaˆ
α(ω2 + ω3)
]
,
the tilted Hamiltonian H ′ of equation (19) is reduced to
H ′ =
√
(ω2 + ω3)2 − 4g2aˆ†aˆKˆ0 + ω1aˆ†aˆ+ (ω2 − ω3)
2
Nˆd − (ω2 + ω3)
2
. (20)
On the other hand, since the operator K0 is the Hamiltonian of the two-dimensional
harmonic oscillator and commutes with the operators Nˆd and aˆ
†aˆ, the eigenfunction of H ′ is
given by the direct product
Ψ′ = ψna(x)⊗ ψnl,mn(ρ, φ), (21)
5
where
ψna(x) = 〈x|na〉 =
√
1
π1/4(2nn!)1/2
e−
1
2
x2Hn(x), (22)
and
ψnl,mn(ρ, φ) = 〈ρ, φ|nl, mn〉 =
1√
π
eimnφ(−1)nl
√
2(nl)!
(nl +mn)!
ρmnLmnnl (ρ
2)e−1/2ρ
2
. (23)
From the action of the operators cˆ, cˆ†, bˆ and bˆ† on the basis |n,mn〉, we have
K0|n,mn〉 =
(
nl +
mn
2
+
1
2
)
|n,mn〉,
Nd|n,mn〉 = (bˆ†bˆ− cˆ†cˆ)|n,mn〉 = −mn|n,mn〉. (24)
In this SU(1, 1) representation, the group numbers n, k are related with the physical numbers
nl, mn as n = nl and k =
1
2
(mn +1) [34]. Thus, from these results we obtain that the energy
spectrum of the most general case of the Tavis-Cummings model is
Esu(1,1) =
√
(ω2 + ω3)2 − 4g2na
(
nl +
mn
2
+
1
2
)
+ ω1na +
(ω3 − ω2)
2
mn − (ω2 + ω3)
2
. (25)
Notice that the Hamiltonian of equation (20) can be easily reduced to the isotropic three-
dimensional harmonic oscillator when ω1 = ω2 = ω3 and g = 0. If we substitute this
expressions in the energy spectrum of equation (25), we obtain the correct energy spectrum.
In the same manner, when ω2 = ω3 this Hamiltonian is simplified to the Hamiltonian of
equation (10) with the corresponding energy spectrum
E =
√
ω2 − g2na(n+ 1) + ω1na − ω. (26)
The eigenfunctions Ψ for the Hamiltonian Hsu(1,1) of the Tavis-Cummings model are
obtained from equation (21). Thus, Ψ = D(ξ)Ψ′ = ψa(x) ⊗ D(ξ)ψ′nl,mn(ρ, φ). By using
equation (76) of Appendix, we find that the action of the displacement operator D(ξ) on
ψ′nl,mn(ρ, φ) are the Perelomov number coherent states for the two-dimensional harmonic
oscillator ψζ,nl,k [34]
ψζ,nl,k = 〈ρ, φ|ζ, k, nl〉 =
(−1)nl√
π
ei(l−1/2)φ
∞∑
s=0
ζs
s!
nl∑
j=0
(−ζ∗)j
j!
eη(k+nl−j)
√
2Γ(nl + 1)Γ
(
nl + l +
1
2
)
Γ
(
nl − j + l + 12
)
× Γ(nl − j + s+ 1)
Γ(nl − j + 1) e
−ρ2/2ρl−1/2L
l−1/2
nl−j+s
(ρ2),
with l = mn +
1
2
. The above expression can also be rewritten as
ψζ,nl,mn =
√
2Γ(nl + 1)
Γ(nl +mn + 1)
(−1)nl√
π
eimnφ
(−ζ∗)nl(1− |ζ |2)mn2 + 12 (1 + σ)nl
(1− ζ)mn+1
× e− ρ
2(ζ+1)
2(1−ζ) ρmnLmmnl
(
ρ2σ
(1− ζ)(1− σ)
)
, (27)
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where we have used mn = l − 12 and defined σ as
σ =
1− |ζ |2
(1− ζ)(−ζ∗) .
In this way, the functions of the Tavis-Cummings model are given by the direct product of
the functions of the one-dimensional harmonic oscillator ψna(x) and the SU(1, 1) Perelomov
number coherent states for the two-dimensional harmonic oscillator ψζ,nl,mn as follows
Ψ = ψna(x)⊗ ψζ,nl,mn . (28)
Therefore, the Tavis-Cummings model was solved by using the tilting transformation and
the SU(1, 1) Perelomov number coherent states. Moreover, the solution obtained from this
method coincides with the solution obtained by using the Bogoliubov transformation when
we set ω2 = ω3.
3 SU(2) approach to the Tavis-Cummings model
In this Section, we shall obtain the solution of the Tavis-Cummings model with three modes
of oscillation by using two methods: the normal-mode operators and the SU(2) tilting trans-
formation. As in Section 2, the normal-mode operators method will allow us to solve a
particular case of the Tavis-Cummings model, while with the SU(2) tilting transformation
method we obtain the most general solution.
3.1 The Tavis-Cummings model and the normal-mode operators
For convenience, in this Section we shall use the Hamiltonian of the Tavis-Cummings model
described in the interaction picture. To do this, we fist note that the Hamiltonian of equation
(1) can be written as
H = ω3cˆ
†cˆ+ (ω1 − ω2)aˆ†aˆ + ω2Nˆs + g(cˆaˆ†bˆ+ cˆ†aˆbˆ†), (29)
where Nˆs = bˆ
†bˆ+ aˆ†aˆ is the number operator. Therefore, since Nˆs commute with the rest of
the operators, the Hamiltonian in the interaction picture is [36]
H
(i)
NM = ω3cˆ
†cˆ+∆aˆ†aˆ+ g(cˆaˆ†bˆ+ cˆ†aˆbˆ†), (30)
with ∆ = (ω1 − ω2), the detuning. With the normal-mode operators defined as
Aˆ1 = Xaˆ+ Y
∗bˆ, Aˆ2 = Y aˆ−X∗bˆ, (31)
where X and Y are two constants to be determined, we find that the products Aˆ†1Aˆ1 and
Aˆ†2Aˆ2 result to be
Aˆ†1Aˆ1 = |X|2aˆ†aˆ +X∗Y ∗aˆ†bˆ+XY aˆbˆ† + |Y |2bˆ†bˆ, (32)
Aˆ†2Aˆ2 = |Y |2aˆ†aˆ−X∗Y ∗aˆ†bˆ−XY aˆbˆ† + |X|2bˆ†bˆ. (33)
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Thus, we can relate these normal-mode operators with the Hamiltonian Hˆ
(i)
NM of equation
(30) as
H
(i)
NM = ω3cˆ
†cˆ + αAˆ†1Aˆ1 + βAˆ
†
2Aˆ2, (34)
if the conditions
|X|2α + |Y |2β = ∆, |Y |2α + |X|2β = 0, (35)
and
Y ∗X∗(α− β) = gcˆ, Y X(α− β) = gcˆ†, (36)
are satisfied. From these equations it is easy to see that
Ω2|X|2|Y |2 = g2cˆ†cˆ. (37)
Hence, from this relation along with equations (35), we find that the values of the squared
norm of X and Y are
|X|2 = 2g
2cˆ†cˆ
Ω (Ω−∆) , |Y |
2 =
Ω−∆
2Ω
, (38)
where Ω = α− β =
√
∆2 + 4g2cˆ†cˆ.
On the other hand, the operators Aˆ1, Aˆ
†
1 and Aˆ2, Aˆ
†
2 satisfy the bosonic algebra
[Aˆ1, Aˆ
†
1] = [Aˆ2, Aˆ
†
2] = 1, (39)
and commute with each other
[Aˆ1, Aˆ2] = [Aˆ
†
1, Aˆ
†
2] = 0. (40)
In this way, the normal-mode operators can be considered as creation and annihilation oper-
ators and the operators Aˆ†1Aˆ1 and Aˆ
†
2Aˆ2 as number operators. Thus, the Hamiltonian of the
Tavis-Cummings model in terms of these operators becomes
H
(i)
NM =αAˆ
†
1Aˆ1 + βAˆ
†
2Aˆ2 + ω3cˆ
†cˆ
=
1
2
√
∆2 + 4g2cˆ†cˆ
(
Aˆ†1Aˆ1 − Aˆ†2Aˆ2
)
+
∆
2
(
Aˆ†1Aˆ1 + Aˆ
†
2Aˆ2
)
+ ω3cˆ
†cˆ, (41)
with α = 1
2
(∆ + Ω) and β = 1
2
(∆− Ω).
Since the operators Nc = cˆ
†cˆ, N1 = Aˆ
†
1Aˆ1 and N2 = Aˆ
†
2Aˆ2 commute with each other, we
can construct simultaneous eigenstates
|Nc, N1, N2〉 = |Nc〉 ⊗ |N1〉 ⊗ |N2〉, (42)
where the action of the normal-mode operators onto the sates |N1,2〉 satisfy
Aˆ†1,2|N1,2〉 =
√
N1,2 + 1|N1,2 + 1〉, Aˆ1,2|N1,2〉 =
√
N1,2|N1,2 − 1〉. (43)
Here, the ground state is given by |Nc, N1, N2〉 = |0, 0, 0〉. In this case, the eigenfunctions
for the Hamiltonian of the Tavis-Cummings model written as in equation (41) are the di-
rect product of the eigenfunctions of the one-dimensional harmonic oscillator. Thus, the
corresponding normalized wave function for this case is
ψNc,N1,N2 =
1√
2nNc!N1!N2!π3/2
eρ
2/2HNc(rc)HN1(r2)HN2(r2), (44)
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where n = Nc +N1 +N2.
Finally, according to these expressions the energy spectrum of the Tavis-Cummings model
in terms of the normal-mode operators is given by
E
(i)
NM =
1
2
√
(ω2 − ω1)2 + 4g2Nc (N1 −N2) + ω2 − ω1
2
(N1 +N2) + ω3Nc. (45)
Therefore, in this Section we solved the Hamiltonian of the Tavis-Cummings model in
the interaction picture by using the normal-mode operators, which were used to diagonalize
the Hamiltonian.
3.2 The Tavis-Cummings model and the SU(2) tilting transforma-
tion
Analogous to what was done in Section 3.2, we can rewritte the Hamiltonian of the Tavis-
Cummings model as
H = ω3cˆ
†cˆ+
(ω1 + ω2)
2
(aˆ†aˆ+ bˆ†bˆ) +
(ω2 − ω1)
2
(bˆ†bˆ− aˆ†aˆ) + g(aˆ†bˆcˆ+ aˆbˆ†cˆ†). (46)
Now, we introduce the Jordan-Schwinger realization of the su(2) algebra (see Appendix)
J0 =
1
2
(
a†a− b†b) , J+ = a†b, J− = b†a, (47)
in addition to the number operator Ns = aˆ
†aˆ + bˆ†bˆ. With these operators we obtain the
following Hamiltonian
Hsu(2) = ω3cˆ
†cˆ+ (ω2 − ω1)Jˆ0 + g(cˆJˆ+ + cˆ†Jˆ−) + (ω1 + ω2)
2
Nˆs. (48)
Now, in order to remove the ladder operators J±, we apply the tilting transformation to
the eigenvalue equation of this Hamiltonian
D†(ξ)
[
ω3cˆ
†cˆ+ (ω2 − ω1)Jˆ0 + g(cˆJˆ+ + cˆ†Jˆ−) + (ω1 + ω2)
2
Nˆs
]
D(ξ)D†(ξ)|Ψ〉
= Esu(2))D
†(ξ)|Ψ〉, (49)
where D(ξ) is the SU(2) displacement operator and ξ = −1
2
θe−iϕ (see Appendix). If we
define the tilted Hamiltonian H ′ = D†(ξ)Hsu(2)D(ξ) and the wave function |Ψ′〉 = D†(ξ)|Ψ〉,
this equation can be written as Hˆ ′|Ψ′〉 = Esu(2)|Ψ′〉. Moreover, since the operators Ns
and cˆ†cˆ commutes whit Jˆ+ and Jˆ−, both operators remain unchanged under the tilting
transformation. Therefore, we find that the tilted Hamiltonian results to be
Hˆ ′ =
[
(ω2 − ω1) (2ǫ+ 1)− gξ
∗δcˆ
|ξ| −
gξδcˆ†
|ξ|
]
Jˆ0
+
[
(ω2 − ω1)δξ∗
2|ξ| +
gǫξ∗cˆ
ξ
+ g(ǫ+ 1)cˆ†
]
Jˆ−
+
[
(ω2 − ω1)δξ
2|ξ| + g(ǫ+ 1)cˆ+
gǫξcˆ†
ξ∗
]
Jˆ+
+
ω2 + ω1
2
Nˆs + ω3cˆ
†cˆ. (50)
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By choosing the coherent state parameters θ and ϕ as
θˆ = arctan
(
2g
√
cˆ†cˆ
ω2 − ω1
)
, ϕˆ = i ln
[
2g(2ǫ+ 1)cˆ
(ω2 − ω1)δ
]
, (51)
the tilted Hamiltonian H ′ of equation (50) is simplified to
Hˆ ′|Ψ′〉 =
√
(ω2 − ω1)2 + 4g2cˆ†cˆJˆ0 + ω2 + ω1
2
Nˆs + ω3cˆ
†cˆ|Ψ〉 = Esu(2)|Ψ〉. (52)
Since the operators J0, Ns and cˆ
†cˆ commutes with each other, they share common eigen-
functions. Thus, since N is the Hamiltonian of the two-dimensional harmonic oscillator and
cˆ†cˆ is the Hamiltonian of the one-dimensional harmonic oscillator, the eigenfunctions of the
tilted Hamiltonian Hˆ ′ are
Ψ′ = 〈z|na〉 ⊗ 〈ρ, ϕ|nl, mn〉′ = ψc ⊗ ψ′ρ,mn , (53)
where each function is explicitly given by
ψ′nl,mn(ρ, φ) =
1√
π
eimnφ(−1)nl
√
2(nl)!
(nl +mn)!
ρmnLmnnl (ρ
2)e−1/2ρ
2
, (54)
and
ψc(x) =
√
1
π1/4(2ncnc!)1/2
e−
1
2
z2Hnc(z). (55)
From the action of the operators aˆ, aˆ†, bˆ and bˆ† on the basis |n,mn〉, we have
Jˆ0|n,mn〉 = mn
2
|n,mn〉,
Nˆs|n,mn〉 = (b†b+ a†a)|n,mn〉 = (2nl +mn)|n,mn〉. (56)
In this SU(2) representation, the group numbers j, µ are related with the physical numbers
nl, mn as j = nl +
mn
2
and µ = mn
2
[35]. Thus, the energy spectrum of the Tavis-Cummings
model described by su(2) Lie algebra is
Esu(2) =
1
2
√
(ω2 − ω1)2 + 4g2ncmn + (ω2 + ω1)(nl + mn
2
) + ω3nc. (57)
It is important to note that this energy spectrum can be related to that obtained with the
normal-mode operators (equation (45)) by means of a unitary transformation which connects
the bases |Nc, N1, N2〉 and |na〉 ⊗ |nl, mn〉′.
The eigenfunctions of the Tavis-Cummings model are obtained from the relationship
Ψ = D(ξ)Ψ′, which only affects the functions ψ′nl,mn(ρ, φ). Thus, by using equation (54) we
find that the action of the displacement operator D(ξ) onto ψ′nl,mn(ρ, φ) is
ψnl,mn,ζ =〈ρ, ϕ|ζ, nl, mn〉 =
e−
ρ2
2√
π
nl+n∑
s=0
ζs
s!
nl+mn∑
n=0
(−ζ∗)n
n!
e
η
2
(mn−2n)ei(mn−2n+2s)ϕ(−1)nl+n−s
× Γ(nl + n+ 1)
Γ(nl +mn − n+ 1)
[
2Γ(nl +mn + 1)
Γ(nl + 1)
]1/2
ρ(mn−2n+2s)L
(mn−2n+2s)
nl+n−s
(ρ2). (58)
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Hence, it follows that the eigenfunctions of the Hamiltonian Hˆsu(2) are given by
Ψ = ψc ⊗ ψnl,mn,ζ. (59)
Therefore, we have studied the Tavis-Cummings model by means of the SU(2) group the-
ory. The solution was obtained by using the tilting transformation and the SU(2) Perelomov
number coherent states for the two-dimensional harmonic oscillator.
4 Expectation value of the Tavis-Cummings Hamilto-
nian in the SU(1, 1) and SU(2) groups.
In this Section, we are interested in a comparison between the expectation value of the Tavis-
Cummings Hamiltonian in terms of the coherent states of the one-dimensional harmonic
oscillator, and the coherent states of the SU(1, 1) and the SU(2) groups.
Thus, we can introduce the coherent states of the one-dimensional harmonic oscillator |α〉
and |β〉, and the Perelomov number coherent states of the SU(1, 1) group |ζ, k, nl〉 and of the
SU(2) group |ζ, nl, mn〉. In terms of these states we can compute the following expectation
values for the Tavis-Cummings model
〈Hsu(1,1)〉α = 〈ζ, k, nl| ⊗ 〈α|Hsu(1,1)|α〉 ⊗ |ζ, k, nl〉, (60)
〈Hsu(2)〉β = 〈ζ, nl, mn| ⊗ 〈β|Hsu(2)|β〉 ⊗ |ζ, nl, mn〉. (61)
These expressions explicitly are given by
〈Hsu(1,1)〉α = 1
2
√
(ω2 + ω3)2 − 4g2|α|2 (n + 1) + ω1|α|2 + (ω3 − ω2)
2
mn − (ω2 + ω3)
2
, (62)
with n = 0, 1, 2, 3..., mn = 0,±1,±2, ...± n and α a complex number. Similarly,
〈Hsu(2)〉β = 1
2
√
(ω2 − ω1)2 + 4g2|β|2m′n +
(ω2 + ω1)
2
n′ + ω3|β|2. (63)
with n′ = 0, 1, 2, 3..., m′n = 0,±1,±2, ...± n′ and β a complex number.
For the general case, it is more complicated to compare these results and find the values
for which both coincide since each one depends on three different field frequencies and the
quantum numbers can take different values. Moreover, the group numbers of the SU(1, 1)
group can take an infinite number of values while the group numbers of the SU(2) are
bounded. Therefore, we can work with the isotropic case when ω = ω1 = ω2 = ω3 and with
the assumption g
2|α|2
ω2
≪ 1. With these considerations the expectation values are
〈Hsu(1,1)〉α ≈
(
ω − g
2|α|2
ω
)
(n+ 1) + ω(|α|2 − 1), (64)
〈Hsu(2)〉β = g|β|m′n + ωn′ + ω|β|2. (65)
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For the lowest state of the SU(2) group (n′ = m′n = 0) and the SU(1, 1) group (n = 0), we
find that both expectations values matches when
|α| = |β|√
1− ( g
ω
)2 , (66)
where α and β are fixed values. Finally, it is important to note that the mean values of the
two descriptions coincide for different values of the quantum numbers (n,mn), (n
′,m′n) and
complex numbers α and β.
5 Concluding remarks
We showed that the Tavis-Cummings model with three modes of oscillation possesses SU(1, 1)
and SU(2) symmetry and used different algebraic methods to exactly solve this model by
using these groups. In the first method, we considered a particular case of the general Tavis-
Cummings model and introduced an appropriate Bogoliubov transformation to obtain the
energy spectrum. For the second method, we wrote the Tavis-Cummings model in terms of
the su(1, 1) Jordan-Schwinger realization and used the tilting transformation to diagonalize
the general Hamiltonian. With this approach, we were able to obtain the energy spectrum and
we showed that the eigenfunctions of this model are the direct product of the one-dimensional
harmonic oscillator functions and the SU(1, 1) Perelomov number coherent states of the two-
dimensional harmonic oscillator. It is important to emphasize that the energy spectrum
obtained from the tilting transformation perfectly match with that previously obtained from
the Bogoliugov transformation. Moreover, the most general energy spectrum can be properly
reduced to that of the one-dimensional, two-dimensional and three dimensional harmonic
oscillator with the help of the model parameters.
The SU(2) group theory allowed us to introduce another two algebraic methods, based
on the normal-mode operators and the SU(2) tilting transformation. In the normal-mode
operators method, we were able to write the Tavis-Cummings model in terms of three number
operators. Therefore, the energy spectrum was obtained in a direct way and we showed that
the eigenfunctions of the can be expressed as the product of three eigenfunctions of the one-
dimensional harmonic oscillator. With the SU(2) tilting transformation we obtained again
the energy spectrum of the general model and showed that the eigenfunctions also can be
seen as the direct product of the one-dimensional harmonic oscillator functions and the SU(2)
Perelomov number coherent states of the two-dimensional harmonic oscillator.
In the last Section, we computed the mean values of the energy of the Tavis-Cummings
Hamiltonian by means of the SU(1, 1) and SU(2) groups. We showed that these mean
values coincide for different values of the quantum numbers of the two-dimensional harmonic
oscillator and for different values of the complex numbers of the one-dimensional harmonic
oscillator coherent states. Finally, we would like to note that in the SU(1, 1) solution, when
g2
ω2
≫ 1 the energy spectrum becomes a complex value. This detail does not happen in the
SU(2) solution and the energy spectrum is well defined for any choice of the constants g and
ω.
12
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6 Appendix.
6.1 SU(1, 1) Perelomov number coherent states
Three operatorsK±, K0 close the su(1, 1) Lie algebra if they satisfy the commutation relations
[37]
[K0, K±] = ±K±, [K−, K+] = 2K0. (67)
The Casimir operator K2 for any irreducible representation of this group is given by
K2 = K20 −
1
2
(K+K− +K−K+) (68)
The action of these operators on the Fock space states {|k, n〉, n = 0, 1, 2, ...} is
K+|k, n〉 =
√
(n + 1)(2k + n)|k, n+ 1〉, (69)
K−|k, n〉 =
√
n(2k + n− 1)|k, n− 1〉, (70)
K0|k, n〉 = (k + n)|k, n〉. (71)
K2|k, n〉 = k(k − 1)|k, n〉. (72)
Thus, a representation of su(1, 1) algebra is determined by the number k, called the Bargmann
index. The discrete series are those for which k > 0.
The displacement operator D(ξ) is defined in terms of the creation and annihilation
operators K+, K− as
D(ξ) = exp(ξK+ − ξ∗K−), (73)
where ξ = −1
2
τe−iϕ, −∞ < τ < ∞ and 0 ≤ ϕ ≤ 2π. The so-called normal form of the
squeezing operator is given by
D(ξ) = exp(ζK+) exp(ηK0) exp(−ζ∗K−), (74)
where ζ = − tanh(1
2
τ)e−iϕ and η = −2 ln cosh |ξ| = ln(1− |ζ |2) [39].
The SU(1, 1) Perelomov coherent states are defined as the action of the displacement
operator D(ξ) onto the lowest normalized state |k, 0〉 as [41]
|ζ〉 = D(ξ)|k, 0〉 = (1− |ζ |2)k
∞∑
n=0
√
Γ(n+ 2k)
n!Γ(2k)
ζn|k, n〉, (75)
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The SU(1, 1) Perelomov number coherent state |ζ, k, n〉 is defined as the action of the dis-
placement operator D(ξ) onto an arbitrary excited state |k, n〉 [34]
|ζ, k, n〉 =
∞∑
s=0
ζs
s!
n∑
j=0
(−ζ∗)j
j!
eη(k+n−j)
√
Γ(2k + n)Γ(2k + n− j + s)
Γ(2k + n− j)
×
√
Γ(n+ 1)Γ(n− j + s+ 1)
Γ(n− j + 1) |k, n− j + s〉. (76)
The similarity transformations D†(ξ)K+D(ξ), D
†(ξ)K−D(ξ), and D
†(ξ)K0D(ξ) of the
su(1, 1) Lie algebra generators are computed by using the displacement operator D(ξ) and
the Baker-Campbell-Hausdorff identity
eABe−A = B + [B,A] +
1
2!
[[B,A], A] +
1
3!
[[[B,A]A]A] + ... (77)
These results explicitly are
D†(ξ)K+D(ξ) =
ξ∗
|ξ|αK0 + β
(
K+ +
ξ∗
ξ
K−
)
+K+, (78)
D†(ξ)K−D(ξ) =
ξ
|ξ|αK0 + β
(
K− +
ξ
ξ∗
K+
)
+K−, (79)
D†(ξ)K0D(ξ) = (2β + 1)K0 +
αξ
2|ξ|K+ +
αξ∗
2|ξ|K−, (80)
where α = sinh(2|ξ|) and β = 1
2
[cosh(2|ξ|)− 1].
A particular realization of the su(1, 1) Lie algebra is given by the Jordan-Schwinger
operators
K0 =
1
2
(
a†a+ b†b+ 1
)
, K+ = a
†b†, K− = ba, (81)
where the two sets of operators (a, a†) and (b, b†) satisfy the bosonic algebra
[a, a†] = [b, b†] = 1, [a, b†] = [a, b] = 0. (82)
If Nd is the difference of the number operators of the two oscillators, then Nd commutes with
all the generators of this algebra and the Casimir operator is given by [38]
K2 =
1
4
N2d −
1
4
, Nd = b
†b− a†a,
[Nd, K0] = [Nd, K+] = [Nd, K−] = 0. (83)
6.2 SU(2) Perelomov number coherent states
The su(2) Lie algebra is spanned by the generators J+, J− and J0, which satisfy the commu-
tation relations [37]
[J0, J±] = ±J±, [J+, J−] = 2J0. (84)
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The Casimir operator J2 in this representation is
J2 = J20 +
1
2
(J+J− + J−J+) . (85)
The action of these operators on the Dicke space states (angular momentum states)
{|j, µ〉,−j ≤ µ ≤ j} is
J+|j, µ〉 =
√
(j − µ)(j + µ+ 1)|j, µ+ 1〉, (86)
J−|j, µ〉 =
√
(j + µ)(j − µ+ 1)|j, µ− 1〉, (87)
J0|j, µ〉 = µ|j, µ〉. (88)
J2|j, µ〉 = j(j + 1)|j, µ〉. (89)
The displacement operator D(ξ) for this Lie algebra is
D(ξ) = exp(ξJ+ − ξ∗J−), (90)
where ξ = −1
2
θe−iϕ. By means of Gaussian decomposition, the normal form of this operator
is given by
D(ξ) = exp(ζJ+) exp(ηJ0) exp(−ζ∗J−), (91)
where ζ = − tanh(1
2
θ)e−iϕ and η = −2 ln cosh |ξ| = ln(1− |ζ |2).
The SU(2) Perelomov coherent states |ζ〉 = D(ξ)|j,−j〉 are defined as [40, 41]
|ζ〉 =
j∑
µ=−j
√
(2j)!
(j + µ)!(j − µ)!(1 + |ζ |
2)−jζj+µ|j, µ〉. (92)
The SU(2) Perelomov number coherent state |ζ, j, µ〉 is defined as the action of the displace-
ment operator D(ξ) onto an arbitrary excited state |j, µ〉
|ζ, j, µ〉 =
j−µ+n∑
s=0
ζs
s!
µ+j∑
n=0
(−ζ∗)n
n!
eη(µ−n)
Γ(j − µ+ n + 1)
Γ(j + µ− n + 1)
×
[
Γ(j + µ+ 1)Γ(j + µ− n + s+ 1)
Γ(j − µ+ 1)Γ(j − µ+ n− s+ 1)
] 1
2
|j, µ− n+ s〉. (93)
The similarity transformationsD†(ξ)J+D(ξ),D
†(ξ)J−D(ξ), andD
†(ξ)J0D(ξ) of the su(2)
Lie algebra generators are computed by using the displacement operator D(ξ) and the Baker-
Campbell-Hausdorff identity
D†(ξ)J+D(ξ) = − ξ
∗
|ξ|δJ0 + ǫ
(
J+ +
ξ∗
ξ
J−
)
+ J+, (94)
D†(ξ)J−D(ξ) = − ξ|ξ|δJ0 + ǫ
(
J− +
ξ
ξ∗
J+
)
+ J−, (95)
D†(ξ)J0D(ξ) = (2ǫ+ 1)J0 +
δξ
2|ξ|J+ +
δξ∗
2|ξ|J−, (96)
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where δ = sin(2|ξ|) and ǫ = 1
2
[cos(2|ξ|)− 1].
The Jordan-Schwinger realization of the su(2) algebra is
J0 =
1
2
(
a†a− b†b) , J+ = a†b, J− = b†a, (97)
where again the two sets of operators (a, a†) and (b, b†) satisfy the bosonic algebra. It is
important to note that, besides the Casimir operator, there is another operator Ns (called
the number operator) which commutes with all the generators of the su(2) algebra.
The Casimir operator J2 for this realization is written in terms of this operator N and is
given by
J2 =
Ns
2
(
Ns
2
+ 1
)
, Ns = a
†a + b†b,
[Ns, J+] = [Ns, J−] = [Ns, Jz] = 0. (98)
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